Calculations of the leading quantum electrodynamics effects in few electron systems involve singular matrix elements of the inter-electronic distances of the form 1/r 3 i and 1/r 3 ij . Integrals that result when the nonrelativistic wave function is represented with a Hylleraas basis representation are studied. Recursion relations for various powers of the electron coordinates and the master integrals are derived in a form suited for high precision numerical evaluations.
I. INTRODUCTION
A challenging task in high precision calculations of energy levels of few electron atoms or ions is the accurate solution ψ of the nonrelativistic Schrödinger equation. This wave function ψ is next used to obtain relativistic and quantum electrodynamics (QED) effects including finite nuclear mass corrections. The most accurate representation of the threeelectron wave function ψ achieved so far [1, 2] uses the Hylleraas basis set [3] , namely ψ = 
with n i being nonnegative integers. This basis set allows the Kato cusp condition to be satisfied to a high degree, thus ensuring good convergence for matrix elements of relativistic and QED operators. All these matrix elements can be expressed in terms of the Hylleraas integrals f , see Eq. (2) . The calculation of the nonrelativistic energy involves integrals with nonnegative n i . Such integrals have been worked out by King et al. in the series of works [4] , and more recently by Yan and Drake [1, 5] , Sims and Hegstrom [6] , and by us in Ref. [7] .
Our approach relies on analytic recursion relations, which are highly efficient and sufficiently stable to achieve accurate numerical results.
Matrix elements of relativistic operators involve the so called extended Hylleraas integral, where one of n i = −1 (see Eq. (2)). These integrals have been worked out first by King et al. in [8] , and later by Yan and Drake in Refs. [9] and by us in [2, 10] . The use of recursion relations allows for a significant increase in the size of the basis set and the accuracy of the obtained results [2] . Finally, matrix elements of QED operators involve integrals with n i = −2. Such integrals have been worked out by Yan in [11] , but no numerical results for any particular integral have been published, which would serve as a test of achieved accuracy. In this work we develop recursion relations for three-electron Hylleraas integrals either with 1/r 3 ij or with 1/r 3 i , and obtain a one dimensional integral representation for the master integral which is suitable for precise numerical evaluation.
In Section II we recall known results for the regular Hylleraas integrals, in Section III we treat integrals involving 1/r 2 i , and in Section IV we treat integrals involving 1/r 2 ij . Apart from known results, we present also a new form of the master integral with the hope that it can be used in the future to obtain a fully analytic result. In Section V we develop recursion relations for integrals involving 1/r 3 i which are very similar to those involving 1/r 2 i . In Section VI, which is the most difficult one, we obtain a full set of recursions for Hylleraas integrals with 1/r 3 ij , and in Section VII we present numerical results together with a short summary.
II. REGULAR THREE-ELECTRON HYLLERAAS INTEGRAL
The regular three-electron Hylleraas integral is
with all n i ≥ 0. The most convenient way to perform this integral is by using recursion relations. The initial values with n i = 0, 1 are known explicitly [7, 12] . 
where f (0, 0, 0; 0, n 5 , n 6 ) is obtained by recursions which are numerically stable at high values of w 1 . The integration in Eq. (12) is performed using the adapted quadrature [13] for the class of functions involving logarithms [13] , which allows one to achieve high precision at low evaluation cost. The function f (n 1 , n 2 , n 3 ; −1, n 5 , n 6 ) for arbitrary integer values of n 1 , n 2 and n 3 can be obtained [2] by recursion relations starting from f (0, 0, 0; −1, n 5 , n 6 ).
IV. EXTENDED HYLERAAS INTEGRAL WITH
The second kind of extended Hylleraas integral involves 1/r 2 ij , and we will investigate it here in more detail. Recursion relations start from the master integral and some other simpler two electron-like integrals. By using integration by parts identities [14] , the following differential equations for the h function have been obtained in Ref. [10] ∂h
and w w 2 1
where
It is convenient to express the function h
in terms of a dimensionless function H(x, y) of two variables x and y. Then the first two differential equations become apparently equivalent and take the form
and the third differential equation, with respect to w 1 becomes
The homogenous differential equation in (23) is satisfied by complete elliptic integrals
, and the solution of the inhomogeneous equation is obtained by Euler's method of variation of constants [10] H(x, y)
This integral form is convenient for the numerical calculation of the master integral h(w 1 , w 2 , w 3 ) and its derivatives. However, a different and apparently simpler form can be obtained from Eq. (21)
where x ′ = x + 1/2. This integral can be further transformed to a form involving Jacobi elliptic functions, but we have not been able to perform it analytically. In particular cases, where x = ±1/2, this integral becomes (w 2 < w 3 )
and this can be expressed in terms of Li 3 , Li 2 , and logarithmic functions. We use Eqs. (27, 28) in cases w 1 > w 2 + w 3 and w 1 < |w 2 − w 3 |, and for its numerical calculations we employ adapted quadrature [13] with 120 points, to achieve about 64 significant digits accuracy.
Recursion relations for f (−1, n 2 , n 3 , n 4 , n 5 , n 6 ) have been derived in [10] . Among them, the most numerically unstable is the one which increases the parameter n 4 , see Eq. (36) of Ref. [10] . Namely, close to singularity points, x = ±1/2 and for small ω 1 , we use Taylor expansion to avoid numerical instabilities.
V. SINGULAR HYLLERAAS INTEGRAL WITH 1/r 3 i
The singular Hylleraas integrals which involve 1/r 3 i and 1/r 3 ij are needed for the computation of QED effects [11] . Let us first define a distribution P (1/r 3 )
Any factor 1/r 3 in the following will be understood to be defined in the above sense, and we will drop the symbol P (). It follows from this definition that e −w r
for large ω. Moreover, we will use in the derivation below the following integral representa-
To obtain recursion relations for the singular three-electron Hylleraas integral one first
which is related to f by f (0, 0, 0, 0, 0, 0) = G(1, 1, 1, 1, 1, 1)| u 1 =u 2 =u 3 =0 . The following 9
integration by parts (IBP) identities are valid because the integral of the derivative of a function vanishing at infinity vanishes,
where i, j = 1, 2, 3. The reduction of the scalar products from the numerator leads to identities for linear combination of the G functions. If any of the arguments is equal to 0, then G becomes a known two-electron Hylleraas type integral. These identities can be used to derive various recursion relations. Here we derive a set of recursions for f (n 1 , n 2 , n 3 , −2, n 5 , n 6 ).
This is achieved in a few steps. In the first step we use integration by parts identities in momentum representation Eq. (33), to form the following linear combination
We use Eq. (31) to integrate with respect to w 1 and differentiate over u 1 , u 2 , u 3 , w 2 , and w 3 to obtain the main formula f (n 1 , n 2 , n 3 , −2, n 5 , n 6 ) = 1 (n 2 + n 3 − n 1 − 1) w 2 w 3 (n 1 − 1) n 1 n 5 f (n 1 − 2, n 2 , n 3 , −2, n 5 − 1, n 6 + 1)
It takes a particularly simple form when all n i are equal to 0: 
where Γ is the two electron Hylleraas integral, defined in the appendix. The general formula in Eq. (35) does not work in the case 1 + n 1 = n 2 + n 3 . In this special case we use IBP identities in coordinate space and limit ourselves only to identities of the form
where g = e −w 1 r 1 −w 2 r 2 −w 3 r 3 r
The identities id(2) and id (3) f (n 1 , n 2 , n 3 , −2, n 5 , n 6 ) = 1 w 2 2
+2 n 6 f (n 1 , n 2 , n 3 , −2, n 5 , n 6 − 1) w 3 +δ(n 6 ) Γ(n 2 − 3,
replace the main recursion in Eq. (35) for the case 1 + n 1 = n 2 + n 3 , and can be used also for all other n i under the conditions that n 1 > 0, n 3 > 0 or n 1 > 0, n 2 > 0, respectively.
The case of n 1 = 0, n 2 = 0, n 3 = 1 or n 1 = 0, n 2 = 1, n 3 = 0, which is not covered by above recursions, remains to be treated. Therefore, in the third step one obtains the necessary recursions from the following combination of IBP identities in the momentum space: id(1, 1)
This completes the evaluation of singular Hylleraas integrals involving 1/r 3 i .
VI. SINGULAR HYLLERAAS INTEGRAL WITH 1/r 3 ij
The derivation of recursion relations and the master integral is similar to the one for
Hylleraas integral with 1/r 2 ij , see Ref. [10] . In the first step of deriving recursion relations we take the difference id(3, 2) − id(2, 2) and use it as an equation for G (1, 2, 1, 1, 1, 1) , 1, 1, 0, 1, 2) − G(1, 1, 1, 1, 0, 2) +G (1, 1, 1, 1, 1, 1) − G(1, 2, 0, 1, 1, 1) +G (1, 2, 1, 0, 1, 1) − 2 G(1, 1, 1, 2, 1, 1 
Similarly, the difference id(2, 3) − id(3, 3) is used to obtain G (1, 1, 2, 1, 1, 1) . These two equations are used now to derive recursions in n 2 and n 3 . With the help of Eq. (31) one integrates Eq. (44) with respect to u 1 , which lowers the first argument n 1 to −2. Next, one differentiates with respect to u 2 , u 3 , w 1 , w 2 , w 3 at u 2 = u 3 = 0 to generate arbitrary powers of r 13 , r 12 , r 1 , r 2 , r 3 and obtains the recursion relation in n 2 f (−2, n 2 + 1, n 3 , n 4 , n 5 , n 6 ) = 1 w
−n 2 (n 2 + 2 n 4 + 2 n 6 + 1) w 3 f (−2, n 2 − 1, n 3 , n 4 , n 5 , n 6 )
where n i ≥ 0, and the formula for f (−2, n 2 , 1 + n 3 , n 4 , n 5 , n 6 ) can be obtained from the above one using symmetries of the function f . These recursions assumes that values of f (−2, 0, 0; n 4 , n 5 , n 6 ) are known. We again obtain them using IBP identities. These are 9
equations, which we solve against the following X i=1,9 unknowns at u 2 = u 3 = 0 1, 2, 1, 1, 1, 1) , 1, 2, 1, 1, 1) , 1, 1, 2, 1, 1) , (1, 1, 1, 1, 2, 1) , (1, 1, 1, 1, 1, 2) .
Equations for X 7 , X 8 , and X 9 are 0 = (3 w 1, 1, 2, 1, 1 ) 1, 1, 1, 1, 1 
One performs the u 1 integration and obtains 0 = F 1 w 2 − F 2 w 3 + (w 
where w is defined in Eq. (19) and
in the sense of the integral defined in Eq. (31), with the result 
One differentiates Eq. (60) with respect to w 1 , w 2 , and w 3 , and obtains in this way recursions for h in n 5 h(n 4 , n 5 + 1, n 6 ) = 1 2 w 1 w 2 −n 5 F 1 (n 4 , n 5 − 1, n 6 ) + w 2 F 1 (n 4 , n 5 , n 6 ) +n 6 F 2 (n 4 , n 5 , n 6 − 1) − w 3 F 2 (n 4 , n 5 , n 6 )
+2 n 5 w 2 h(n 4 + 1, n 5 − 1, n 6 ) +(n 6 − 1) n 6 h(n 4 + 1, n 5 , n 6 − 2) −2 n 6 w 3 h(n 4 + 1, n 5 , n 6 − 1) −(w 
where F 1 (n 4 , n 5 , n 6 ) = δ(n 4 ) Γ(−2, n 5 , n 6 − 1, 0, w 2 , w 3 )
−n 5 Γ(−1, n 5 − 1, n 4 + n 6 − 1, 0, w 2 , w 1 + w 3 ) +w 2 Γ(−1, n 5 , n 4 + n 6 − 1, 0, w 2 , w 1 + w 3 ) +(n 5 − 1) δ(n 6 ) Γ(0, n 4 − 1, n 5 − 2, 0, w 1 , w 2 ) , −w 2 δ(n 6 ) Γ(0, n 4 − 1, n 5 − 1, 0, w 1 , w 2 ),
F 2 (n 4 , n 5 , n 6 ) = δ(n 4 ) Γ(−2, n 5 − 1, n 6 , 0, w 2 , w 3 )
−n 6 Γ(−1, n 6 − 1, n 4 + n 5 − 1, 0, w 3 , w 1 + w 2 ) +w 3 Γ(−1, n 6 , n 4 + n 5 − 1, 0, w 3 , w 1 + w 2 ) +(n 6 − 1) δ(n 5 ) Γ(0, n 4 − 1, n 6 − 2, 0, w 1 , w 3 )
−w 3 δ(n 5 ) Γ(0, n 4 − 1, n 6 − 1, 0, w 1 , w 3 ) ,
and the formula for h(n 4 , n 5 , 1 + n 6 ) is analogous. 
numerical examples for f (−2, 0, 0, 0, 0, 0) is presented in Table I and for f (0, 0, 0, −2, 0, 0) in Table II . Together with regular and extended Hylleraas integrals they allow for the calculation of leading QED effects in three electron atoms or ions. Accurate results for the lithium atom have already been obtained by Yan and Drake in [19] and several precise measuements have been performed in [16, 17] . While we intend to verify their result, we aim also to calculate QED effects in the Be + ion for the determination of the nuclear charge radii from planned isotope shift measurements. Moreover, we aim to calculate higher order QED effects for energy levels along with fine and hyperfine splittings [18] to verify certain discrepancies, for example the difference between experimental values and theoretical predictions for the 2S-3S transition frequency in Li [17, 19] . 
